The dynamical system behaviour of a homogeneous and isotropic dissipative universe is analysed. The dissipation is driven by the bulk viscous pressure and the evolution of bulk viscous pressure is described using the full causal Israel-Stewart theory. We find that, the model possesses unstable prior decelerated and stable future accelerated solutions. All the solutions corresponding to the critical points obey dominant energy condition, but the future one violates the strong energy condition consequent to the late acceleration. The best estimated values of the model parameters have been used for analysing the asymptotic properties of the model. The equation of state parameter and the deceleration parameter quantifies the stiff fluid character of the viscous fluid in the early evolutionary phase of the universe and in later phase the fluid becomes negative pressure fluid. From the thermodynamic analysis, we have verified that the local as well as the generalised second law of thermodynamics is satisfied throughout in the evolution of the universe. Whereas the convexity condition S < 0 is satisfied at the end stage of the universe, it is violated during the early stages of evolution. Consequently, in the present model, there is a maximization of the entropy, as in an ordinary macroscopic system, for achieving thermodynamic stability.
Introduction
Astronomical observations [1, 2, 3, 4, 5, 6, 7] have shown that the current universe is expanding at an accelerating rate starting from a time in the recent past. The most successful model which explains this accelerating expansion is the ΛCDM, which uses the cosmological constant Λ, with equation of state ω Λ = −1, as the cosmic component responsible for the acceleration. But due to the huge difference between the predicted and observed values of the cosmological constant and also due to the surprising coincidence between the present densities of the dark matter and dark energy [8] , attention has been turned towards dynamical dark energy models [9, 10, 11] . But the main problem regarding these approaches, where one introducing an exotic component, the dark energy, is the prevailing mystery of its composition and the nature of its possible coupling with matter [12] . Modified gravity theories [13, 14] have also been proposed to understand this phenomenon. Another interesting approach is to invoke viscosity in the dark matter sector which can produce adequate negative pressure to cause the late acceleration [15, 16, 17, 18] . Very recently it has been shown that the viscosity of the dark matter can alleviate the discrepancy in the values of the cosmological parameters when one use the large scale structure (LSS) and Planck data [19] to constrain the parameters in the respective cosmological models.
Physically bulk viscosity can be generated, whenever the system deviates from the local thermodynamic equilibrium [21] . In cosmic evolution, the viscosity arises as an effective pressure to restore the system back into the thermal equilibrium, whenever the universe undergo fast expansion or contraction [22] . The bulk viscosity thus generated can cause a negative pressure similar to a cosmological constant or quintessence [24, 23] . Even though this gives a possible realistic picture for the generation of bulk viscosity, a satisfactory mechanism for its origin in the expanding universe is still not clearly understood. Some authors have shown that different cooling rates of components of the cosmic medium can produce bulk viscosity [25, 26, 27, 28] and another proposal is that bulk viscosity of the cosmic fluid may be the result of non-conserving particle interactions [29, 30, 31] . In the Weinberg formalism [34, 33, 32] of the imperfect fluid, the bulk viscous fluid can act as a source in Einstein field equation.
The simple way of accounting the bulk viscosity in the expanding universe is through the Eckart theory [35] which gives a linear relationship between the bulk viscous pressure and the expansion rate of the universe. Limiting to the first order deviation from the equilibrium, the Eckart theory suffers from serious short comings like the violation of causality [36, 37] and the occurrence of unstable equilibrium states [38] . In spite of these problems, it has been used by several authors to model the bulk viscosity, in explaining the late acceleration of the universe [15, 39, 40, 41, 17, 23, 18, 42] , primarily due to its simplicity. Such cosmological models lead to reasonably good description of the background evolution of the universe, but become problematic while considering the structure formation scenario.
A more general theory, consistent with the relativistic second order evolution of the bulk viscous pressure, was suggested by Israel and Stewart [37, 43, 44] and is free from the shortcomings of the Eckart formalism. The inclusion of the dissipative second order term ensures causality in the Israel-Stewart model and it also accounts for the stability of the corresponding solutions. In the limit of vanishing relaxation time, the Israel-Stewart theory reduces to the Eckart theory. In some recent dissipative cosmological models [45] , a truncated version of the Israel-Stewart theory has been used in which one omits the divergence terms in the expression for the evolution of the bulk viscous pressure. Strictly speaking such an approximation is valid only when cosmic fluid is very close to the equilibrium state.
It may be noted that both causal and non-causal dissipative models in the context of early inflation of the universe have some critical issues which makes role of viscosity in the early universe rather unlikely [46] . But in the context of the late evolution of the universe the bulk viscous models are promising. Based on the Eckart approach, the late acceleration can be explained without invoking to any fictitious dark energy component [15, 16, 17, 18] . A dynamical system analysis of the same model can predict the conventional evolution of the universe if the bulk viscous coefficient is a constant [42] . The background evolution of the bulk viscous universe using the full Israel-Stewart theory has been analysed in our previous work [47] where we obtained analytical solutions which explain the late acceleration of the universe with a transition z T ∼ 0.52, which shows the feasibility of describing a late accelerating universe. The current status of the viscous models are described in the review [48] .
In the present work, based on our previous analysis, we perform a dynamical system analysis from which we draw some new and interesting conclusions. The method is aimed at finding the critical points of the autonomous differential equations which are obtained from the Friedmann equations consistent with the conservation conditions. The sign and properties of the eigenvalues corresponding to these critical points will then determine the asymptotic stability of the model. We show that the de Sitter epoch, the future limit of this model, corresponds to an asymptotically stable critical point while the prior matter dominated epoch is corresponds to a saddle point. We also explore the status of the energy conditions, both the strong and dominant energy conditions, at the respective critical points. Further, we analyse the thermal evolution of the model where we check the status of the generalized second law (GSL) and the convexity condition, S < 0, where S is the entropy and the prime denotes a derivative with respect to a suitable cosmic variable. In this context, we show that, the GSL is valid through out the evolution of the universe, while the convexity condition is satisfied at the end stage of universe. This means that the end stage in this model is thermodynamically stable with an upper bound for entropy. This, in fact, indicates that our universe behaves like an ordinary macroscopic system [56] . At this point our results is in sharp contrast with that in reference [20] , in which the authors have shown that, by considering a dissipative model with a proposed ansatz for Hubble parameter and with varying barotropic equation of state, the end stage violates the convexity condition.
The paper is organized as follows. In section (2), the Hubble parameter from the full causal Israel-Stewart theory is obtained. The dynamic behaviour of the bulk viscous model is studied in section (3). Section (4) deals with the analysis of the thermodynamic conditions during the evolution of the present model of the universe and our conclusions are given in section (5).
Causal viscous model of the FLRW universe
In this section we summarize the bulk viscous model of the late accelerating universe according to our earlier work [47] where we had used the full Israel-Stewart (IS) approach for incorporating the viscosity. We consider a flat Friedmann-Lemaitre-Robertson-Walker (FLRW) described by the basic equations,
where H =ȧ a is the Hubble parameter, a is the scale factor, ρ m is the matter density, P ef f is the effective pressure.Here, an over dot represents the derivative with respect to cosmic time t and we have taken the units such that 8πG = c = 1. The conservation equation for the viscous fluid is,ρ
The effective pressure is given as,
where p = (γ − 1)ρ, is the normal kinetic pressure with γ as the barotropic index and Π is the bulk viscous pressure. In the full causal IS theory, the bulk viscous pressure satisfies the dynamical evolution equation
where τ , ξ and T are the relaxation time, bulk viscosity and temperature respectively and are generally functions of the density of the fluid, defined by the following equations [49] 
Here α, β and s are constant parameters satisfying the conditions, α ≥ 0, β ≥ 0, s ≥ 0 and r = γ−1 γ . For τ = 0, the differential equation (5) reduces to the simple Eckart equation for the viscous pressure, Π = −3ξH.
Friedmann equation (1) can be combined with equations (3) and (4) to express the bulk viscous pressure Π as
and its time derivative is,Π
Following this, the bulk viscosity evolution in equation (5) can be expressed as,
The coefficient γ = 1 for non-relativistic matter and taking s = 1 2 [50] , this equation admits solution [47] of the form,
where H 0 is the present Hubble parameter and the other constants are [47] ,
is the dimensionless bulk viscous pressure parameter, with Π 0 as the present value of Π. The model parameters up to 1σ level were estimated by contrasting the model with the supernovae data [47] and are given in table (1) . We find m 1 = 0.31, m 2 = 5.29. Since m 1 < 1 and m 2 > 1, the expansion rate will be dominated by a −m 2 in the early epoch, while the term a −m 1 dominates in the late epoch. Hence in the limit a → 0, the deceleration parameter q, becomes q = −1 −Ḣ/H 2 → −1 + m 2 > 0, which implies a prior decelerated expansion phase. But in the limit a → ∞, it turn out that q → −1 + m 1 < 0, which implies a late accelerating phase of expansion, thereby the model predicts a transition into the late accelerating epoch. However, since m 1 is a small positive quantity, the deceleration Table 1 : The best estimated values of the model parameters and the χ 2 minimum value in the bulk viscous matter dominated universe using the full IS theory as per the earlier work [47] . We have used the Supernovae data.
parameter never approach the value −1. The best fit for the deceleration parameter for a general dynamic dark energy was found to be q 0 = 0.63±0.12 by using supernovae+WMAP data [51] . Also, since the Hubble parameter does not approach a constant as a → ∞, the equation of state never approaches -1, the value corresponding to the pure cosmological constant. Hence the end phase is not a pure de Sitter one [47] .
Dynamical system analysis
We will now consider the dynamical system analysis of the model described in the previous section, which will help one to understand the global behaviour of the cosmological models [52] . The first necessity is the formulation of the autonomous differential equations in terms of suitable dynamic variables. We define the following dimensionless variables to go further in this direction,
where the last relation is equivalent to a new time variable. In terms of these variables, the equations (2), (3) and the IS equation (5) can be re-written as,
where the prime denotes a derivative with respect to the new variableτ . Since H is always positive for a flat universe, the above equations are well specified. The above three equations constitute the required autonomous differential equations which can be used to bring out the dynamical system behaviour of the model. The resultant phase space is described by the variables (H, Ω, Π). But the choice of s = 1/2 as in the previous section results in the decoupling of the equation (14) from the other, as a result the system of dynamical equations reduced to two, corresponding to a two dimensional phase space of variables (Ω, Π) and are grouped as,
Before going into the phase space analysis, it is essential to know the energy conditions which characterising the feasibility of different states. In cosmology there exists the strong energy condition (SEC) and the dominant energy condition (DEC). These are point wise energy conditions, since these are depends only on the stress energy tensor at a given point of space time [53] . The SEC is given by ρ + 3P ef f ≥ 0. The violation of SEC indicates the accelerating expansion of the universe [53] . In terms of Ω andΠ the SEC can be modified as, Ω + 3Π ≥ 0.
The DEC is given as ρ + P ef f ≥ 0. Any cosmic component not satisfying this condition is considered as unphysical. The violation DEC implies the violation the generalized second law of thermodynamics. The DEC can be written in terms of the new variables as,
The critical points are obtained by equating the autonomous equations in (17) to zero and are,
where P + , P − and P 1 are designating the three critical points. The properties of the critical points are determined by the sign and nature of the eigenvalues of Jacobian matrix, which can be obtained by linearising the differential equations around the critical points. For the linearization consider small perturbations around the neighbourhood of the critical point,
where Ω c andΠ c are the critical points and δΩ and δΠ are the perturbation terms corresponding to the dimensionless parameters of matter density and bulk viscous pressure respectively. This leads to the following matrix equation for perturbation,
The 2 × 2 matrix on the RHS of the above equation is the Jacobian matrix. Using the autonomous equations (17) the Jacobian matrix can be written as,
Diagonalising this square matrix will lead to the eigenvalues. If all the eigenvalues of the Jacobian matrix are negative, then the critical point is a stable one and is unstable if all the eigenvalues are positive. On the other hand if the eigenvalues consist of both positive and negative values, then it is a saddle point. Below we will discuss the properties of the eigenvalues and their physical implications corresponding to the three critical points.
The eigenvalues corresponding to the critical point P + are found to be,
For the best estimated value of the model parameter these become, (λ 1,P + , λ 2,P + ) = (8.58, 4.98). Since, both the eigenvalues are positive, the critical point P + is an unstable one and is called a source point or past attractor. Small perturbations around the point P + , grow up withτ uncontrollably, independent of the initial conditions and that is how it become a past attractor or source. Hence, any trajectory in the neighbourhood of the point P + in the phase plane, will diverge away from it irrespective of the initial conditions. The equation of state parameter ω =Π/Ω, corresponding to P + can be obtained from equations (20) as,
For the best estimated values of the parameters, ω P + ∼ 2.52, which implies a stiff fluid nature for the matter corresponding to the past attractor. Since ω P + > −1/3, the cosmological state corresponding to this critical point is an early decelerated epoch. This can be further confirmed by obtaining the corresponding deceleration parameter q. The evolution of scale factor a P + (upper panel) and da P + dt 2 (bottom panel) with time t around the critical point P + for the best estimated values of the model parameters in the bulk viscous matter dominated universe using the full causal IS theory.
universe q and ω can be related as q = 1 2 (1 + 3ω). Using equation (28), q becomes
For the best estimated parameter values, q P + ∼ 4.28, confirming that the point represents a prior decelerated epoch. The exact solution corresponding to the point P + can be obtained by using equation (14) , from where it follows,
the Hubble parameter and
the scale factor. From the above, we have H 0 = 2 3(1+Π + ) < 1 and hence P + corresponds to a non-inflating epoch. The behaviour of a P + in figure (1) shows that as time goes to zero, a → 0 indicating the big-bang at the origin. For zero viscous pressure the scale factor reduces to the conventional decelerated equation a ∼ t 2/3 as expected. It is worth The behaviour of matter density ρ P + (upper panel) and bulk viscous pressurẽ Π P + (bottom panel) with time t around the critical point P + for the best estimated values of the model parameters in the bulk viscous matter dominated universe using the full causal IS theory.
mentioning that the second derivative of the scale factor with respect to time,
is always negative, since (1 + 3Π + ) > 0 and its evolution in shown in figure (1) , clearly indicating decelerating nature of the evolution corresponding to the point P + . The corresponding density and pressure are,
The behaviour of matter density as per equation (33) with time turns out to be ρ P + = 3H 2 0 /t 2 and its evolution is shown in figure (2) and in the limit, a → 0 the matter density diverges. The figure (2) also shown the evolution of viscous pressure and is always positive implying the decelerated phase of expansion.
Regarding the energy conditions, the critical point P + satisfies both SEC and DEC, such that
Therefore the matter content corresponding to the point P + is ordinary matter causing only the decelerated expansion. Now we will consider the second critical point P − . For the best estimates of the parameters, it follows, (Ω − ,Π − ) = (1, −0.79). The corresponding eigenvalues are found to be,
and for the best estimated value of α, we get (λ 1,P − , λ 2,P − ) = (−1.37, −4.97) and hence the equilibrium point P − is a stable point or future attractor. Any trajectory in the neighbourhood of the point P − will converge to it irrespective of the initial conditions. The equation of state parameter ω P − at the critical critical point P − can be calculated using equation (21) and is found to be around ω P − ∼ −0.79. Since ω P − < −1/3, the critical point represents the accelerating epoch with quintessence nature. From equation (29) , the deceleration parameter, q P − ∼ −0.69, which is indicating the accelerated expansion of the universe. From the magnitude of ω P − and q P − at the critical point P − , we can infer that the bulk viscous matter dominated universe will have never-ending accelerating phase of expansion with quintessence nature. At the early phase of evolution, around the unstable critical point P + , the bulk viscous fluid has a stiff fluid character and in the later phase of evolution of the universe, around the future attractor P − , the fluid evolves to a negative pressure fluid to ensure a transition into a late accelerating phase.
We have the exact solution corresponding to P − as,
The fact that the Hubble parameter, H 0 = 2 3(1+Π − ) > 1 and the nature of evolution of the scale factor plotted in figure (3) , indicate an accelerated expansion. The second derivative of the scale factor with respect to time can be expressed as, Figure 3: The evolution of scale factor a P − (upper panel) and
(bottom panel) with time t around the critical point P − for the best estimated values of the model parameters in the bulk viscous matter dominated universe using the full causal IS theory.
Since (1 + 3Π − ) < 0 always, the acceleration in equation (37) is always positive as expected. Its evolution corresponding to the best estimated values of the model parameters is shown in figure (3) and it shows an ever increasing acceleration.
The density ρ P − and the bulk viscous pressureΠ P − around the critical point P − are expressed as,
The behaviour of both ρ P − andΠ P − are shown in figure (4) . The density follows a curve similar to the one in the previous case, while evolution ofΠ P − is in the fourth quadrant shows the viscous pressure is always negative, unlike in the case of P + . This negative viscous pressure is causing the accelerated expansion.
Unlike in the previous case, the strong energy condition is violated but the dominant energy condition is satisfied at P − . That is, Ω + 3Π − = 1 + (3 × −0.79) = −1.37 < 0,
A similar case of the non validity of the strong energy condition was pointed out by Barrow [54] , in which he has used Eckart formalism to account for the viscosity. Therefore, the The variation of matter density ρ P − (upper panel) and Π P − (bottom panel) with time t around the critical point P − for the best estimated values of the model parameters in the bulk viscous matter dominated universe using the full causal IS theory.
equilibrium point P − , the future attractor, which has been representing the never ending accelerating phase of expansion of the universe with quintessence nature. The third critical point P 1 with parameters (Ω P 1 ,Π P 1 ) = (10.65, −3.55), has a density parameter Ω c > 1, thus the equilibrium point corresponds to an over-closed universe. The eigenvalues for this points is,
For the best estimated parameter, we have (λ 1,P 1 , λ 2,P 1 ) = (−12.72, 3.22) , indicate that critical point P 1 is a saddle point. So the trajectories emanating from the neighbourhood of this point in the phase space may either converge or diverge depending on the initial conditions. The equation of state parameter corresponding to this critical point is found to be ω P 1 ∼ −1/3 and hence the deceleration parameter, q P 1 = 0. Hence P 1 is the transition (41) it is evident that the critical point satisfies both SEC and DEC.
The evolution of the phase space trajectories in the (Ω,Π) plane is shown in figure (5). The phase space trajectories are originating from the unstable critical point P + and finally converge to the stable critical point P − . The properties of all the critical points are summarised in table (2) . We can t conclude that, the model predicts a conventional evolution starting from the matter dominated epoch and ending on the accelerating epoch.
Critical points → Table 2 : Qualitative properties of the critical points P + , P − and P 1 in the dynamic system of the bulk viscous model using the full causal Israel-Stewart theory for the best estimated values of the model parameters
Thermodynamic analysis
The bulk viscosity can produce entropy. In a homogeneous and isotropic universe the entropy variation due to viscosity is given as [33] ,
where T is the temperature and ∇ ν S ν is the rate of generation of entropy in unit volume. By virtue of the second law of thermodynamics, the expansion of the universe must obey the condition
From equation (42) , this demands that ξ ≥ 0. From equations (6) and (10), it follows [47] ,
For an expanding universe the Hubble parameter is always positive, thus the viscosity will always be positive and it decreases with expansion of the universe as H is decreasing with expansion. The evolution of viscosity corresponding to the critical points, P + and P − are accordingly takes the form [using equation (30) and (36)],
and for the best estimated value of the parameters the evolutions are shown in figure (6) . The positivity of the viscosity indicates that the local second law of thermodynamics is satisfied at the critical points. The validity of the generalised second law (GSL) is however determined by the behaviour of the net entropy due to the cosmic components and horizon. The GSL demands that the total entropy must always increase [55] . The natural evolution of any macroscopic system must follows through processes of increasing entropy. An ordinary macroscopic system evolving towards a state of thermodynamic equilibrium must satisfies the conditions, S > 0, and S < 0, at least in the long run (46) where prime denotes a derivative with respect to suitable cosmological variable like cosmic time or scale factor. The first condition refers to the generalised second law and the second one is the convexity condition which implies an upper bound to the growth of entropy. In reference [56] , the authors have shown that our universe seems to behave like an ordinary macroscopic system which obeys the above conditions. It was shown that the standard ΛCDM model describes a universe which behave like an ordinary macroscopic system [58] . So it is worthwhile checking whether the present model also satisfies the above condition as to behave like an ordinary macroscopic system. Let us first check the validity of GSL. According to GSL, the total entropy must always increases, i.e.,
where S m and S h are the matter and horizon entropies respectively and from now onwards the prime denotes the derivative with respect to the scale factor. The entropy of the Hubble horizon is defined as [59] ,
where A = 4πc 2 /H 2 is the area of the Hubble horizon of a spatially flat FLRW universe, k B is the Boltzmann constant, l p is the Planck length and c is the velocity of light. For the best estimated values of the model parameters, the horizon entropy in the present model is estimated as S h = 0.735 × 10 122 k B , the in agreement with the estimate given in [60] . Consequently the horizon possess a temperature and is given by the Hawking's relation [61] ,
whereh is the reduced Planck constant. Then, we have the derivative of the horizon entropy with respect to the scale factor,
Since H < 0, the above derivative is always positive definite. The variation in the entropy of matter S m , can be obtained from the Gibb's relation,
where T m is the temperature of the bulk viscous matter, E = ρ m V is the total energy and V = The evolution of S in units of k B with scale factor a in the bulk viscous matter dominated universe using the full causal IS theory for best estimated values of the model parameters.
which follows from the conservation equation, the above expression can be recast as,
In thermal equilibrium condition, T m = T h . Hence, S m becomes
Adding equations (50) and (53), we get the rate of change of total entropy with scale factor as,
The evolution of the total entropy rate, S with scale factor is shown in figure (7), where we have used the Hubble parameter in equation (10) . The figure shows that S is always positive, hence the GSL is always satisfied. The figure also shows that, the entropy rate increases first, attains a maximum then decreases by keeping the positivity throughout. This behaviour is due to evolutionary characteristics of the Hubble parameter in equation (10), which shows a steep decrease during the matter dominated phase followed by a slow decrease in the late accelerated phase and is the reason for the peak in the evolution of S , which depends on the rate of decrease of the Hubble parameter.
The validity of the GSL at the critical points P + and P − is evident from the general evolution of S . However for the sake of completeness we will obtain the entropy rate at both critical points and show that it is always positive. From equations (30) and (36), the solution of the Hubble parameter evolution equation in terms of scale factor at the critical points P + and P − can be expressed as,
The variation of entropy at the critical points P + and P − , comprising of the rate of change of entropy at the horizon plus the cosmic components within the horizon, can be written as
respectively, where
2π k B are the temperatures. Figure  ( 8) shows the evolution of these entropy rates with scale factor and the behaviour implies that GSL is satisfied at both the critical points. The evolution of S in units of k B with scale factor a in the bulk viscous matter dominated universe using the full causal IS theory for estimated values of the model parameters.
Now will check the status of the convexity condition of entropy, S < 0 in this model. It has been suggested that the convexity condition is to be satisfied at least at the final stage of evolution [56] for the maximisation of entropy. Taking the derivative of S in equation (54) with respect to a, we get, condition is violated at P + , which represents an early epoch, while it will be satisfied at P − corresponding to the later epoch. Following the previous method, the evolution equation of S at the critical points can be expressed as,
at P + and
at the point P − . From the figure (10), it is clear that convexity condition is violated at the critical point P + but satisfied at P − as expected. This indicates that the first critical point P + is an unstable thermodynamic equilibrium and the second point P − is thermodynamically stable.
At the outset the present model is advocating for a stable evolution of the late universe with dissipative fluids. We have obtained a unique solution, which has an early decelerated epoch and later accelerated epoch, The dynamical system analysis and entropy evolution studies have clearly shown that the prior decelerated phase is unstable and the late accelerating epoch is both dynamically and thermodynamically stable. The validity of the GSL and the evolution of the entropy such that, S < 0 in long run implies that the universe is evolving like an ordinary macroscopic system. In reference [56] , it was argued that, our universe is heading towards a state at which entropy is bounded, in other words a maximum entropy state. In reference [20] , a causal dissipative model with barotropic equation of state, p = ωρ, with ω in the range 0 < ω < 1, was analysed by assuming an ansatz for Hubble parameter of the form, H(t > t s ) = |A|/(t − t s ), where |A| is a positive coefficient depending on ω and the viscous coefficient ξ. The IS transport equation will then give rise to a quadratic equation for |A|, with two possible solutions, say |A| + and |A| − . In the specified range of ω, the coefficient |A| + can have values greater than or less than one, while |A| − has values always less than one. The authors neglected |A| − as they imply only decelerated solution. In considering |A| + alone, in the given range of ω, the solution will be accelerated for |A| + > 1 and decelerated if |A| + < 1. The corresponding thermodynamics implies a negative result (as the authors claim) that, the GSL is satisfied in both cases but the convexity is satisfied in the early decelerated case but violated in the later accelerated case. In contrast to this, the analytical solutions that we have obtained for the IS equation is for the realistic case with zero barotropic pressure, i.e. ω = 0, true for non-relativistic matter. Our approach predicts an early unstable decelerated epoch and a stable late accelerated phase. Both dynamical system analysis and thermodynamic analysis support our conclusions.
Conclusions
In this work we have presented a dynamical system analysis and the study of thermodynamic characteristics of a dissipative model of the universe having a single component, the bulk viscous matter. Our analysis were based on the full causal theory due to Israel and Stewart. The analytical solutions of the model that we have derived in a previous work, have the important feature that it drives a late accelerated expansion of the universe with an effective equation of state with quintessence nature. The resulting scale factor takes zero value at the origin where the curvature scalar would diverge.
Assuming the bulk viscosity as ξ = αρ s with s = 1/2, the phase plane is found to reduce to a two dimensional one with coordinates Ω and Π. Interestingly enough the system predicts three fixed points P + , P − and P 1 corresponding to an early decelerated, late accelerating phases and transition point respectively. Among them P + and P 1 satisfy both the strong and dominant energy conditions while P − satisfies the dominant energy condition but violate the strong energy condition. On finding the eigenvalues, we found that the early decelerated phase, represented by P + is a past attractor hence unstable while the late accelerating epoch corresponding to P − is a stable one. The critical point P 1 representing the transition from deceleration to the late acceleration of the universe is a saddle point, where the deceleration parameter, q P 1 = 0. The evolution of the effective equation of state due to the viscous nature of the matter indicating that the matter has a stiff nature in the neighbourhood of the first critical point P + . In the late phase corresponding to the second critical point, the equation of state does have a quintessence nature, but does not reach a pure de Sitter value, implying that a pure de Sitter epoch is not admitted in the full IS theory.
In the analysis of the thermodynamics characteristics, we have shown that the model satisfies the condition S ≥ 0 (GSL condition) and S < 0 (convexity condition) at least in the long run of the expansion. Regarding the critical points it was found that both of them satisfy the first of the above conditions, but the second one violated by P + and satisfied by the second point, P − . This indicates that the expansion is tending towards a state of a maximum entropy as like an ordinary macroscopic system. There has been a previous analysis [20] on the thermodynamic characteristics of the same system, by assuming an ansatz solution for the Hubble parameter but with a varying barotropic equation of state in the range 0 < ω < 1. In their analysis, favouring a given branch of solutions, the authors obtained a prior decelerated epoch which satisfies the convexity condition followed by an accelerated epoch at which the convexity condition is violated, which indicates the presence of non-linearities in the matter dominated phase contrary to the proposal made in [49] that in the late accelerated phase, the condition S < 0 can be satisfied in account of the non-linearities. In short we can say that, contrary to the results in reference [20] , where the barotropic equation of state of non-relativistic matter is varying and predicts a later state with unbounded entropy growth, our analysis with zero barotropic pressure, which is more realistic, predicts a later state with a upper bound to the entropy and is thus a stable equilibrium at the end stage.
